Abstract. We proved affine planes corresponding to quadratic planar functions over F p n are semifield planes, and we determined affine planes corresponding to planar functions f (x) = x 10 − αx 6 − α 2 x 2 by Ding and Yuan. Moreover we calculated explicit shapes of planar functions from the square mappings of almost all known finite commutative semifields.
Introduction
Planar functions have been researched for long years by many mathematicians as an interesting problem related to affine planes admitting regular collineation groups (cf. [1] , [3] , [5] , [6] , [7] , [8] , [9] , [11] , [12] , [13] , [14] , [18] , [19] , [20] , [21] , [22] , [24] ). Let G and H be finite groups of the same order n and f be a function from G into H. Moreover let f a be a function from G into H defined by f a (x) = f (ax)f (x) −1 for an element a of G. Then f is named a planar function from G into H of degree n if and only if f a is bijective for every element a of G except a = 1. Suppose that f is a planar function from G into H, and put D = {(x, f (x)) | x ∈ G}. Then D is a relative difference set in G × H relative to H with parameters (n, n, n, 1). Moreover if we take P := G × H as the set of points and L := {Hx | x ∈ G} ∪ {Dv | v ∈ G × H} as the set of lines, then I(G, H; f ) := (P, L, ∈) is an affine plane in which G × H acts regularly on P. Then H is the elation subgroup with the center (∞) and the axis l ∞ of the projective plane extended from this affine plane, and G acts transitively on the points of l ∞ except (∞). Conversely we can construct a planar function from G to H if G × H acts on an affine plane as the above action. Thus the planar functions problem is a special case of the classification problem of affine planes admitting regular collineation groups. Example 1.1 f : F q −→ F q : x −→ x 2 where F q is the additive group of a finite field of cardinality q for an odd prime power q. An affine plane corresponding to this function is desarguesian.
Example 1.2 f : F p 2n −→ F p 2n
x −→ x 2 + 4 −1 j 1−p r (x 2p r + x 2p (n+r) − 2x p r +p (n+r) ) − 4 −1 (x 2 + x 2p n − 2x p n +1 ) where p is an odd prime and 1 ≤ r < n and let j be any element of F p n which is not square. An affine plane corresponding to this function is a semifield plane (not desarguesian). These examples are the square mappings on Dickson semifields in section 4.
The following example was given by R.S. Coulter and R.W. Matthews ( [3] ).
where gcd(α, 2e) = 1. Affine planes corresponding to these functions are not translation planes if 1 < α < 2e.
Examples of such planar functions as G or H is not an elementary abelian p-group are not known.
After reviewing known main results concerning planar functions in Section 2 it is discussed that affine planes corresponding to quadratic planar functions over finite fields become semifield planes and we determined affine planes corresponding to planar functions f (x) = x 10 − αx 6 − α 2 x 2 by Ding and Yuan in Section 3. In Section 4 it is proved that square mappings of finite commutative semifields are planar functions of elementary abelian p-group type in the background of relative difference sets with parameters (q, q, q, 1). Moreover we will calculate explicit shapes of planar functions from the square mappings of almost all known finite commutative semifields.
Known results
The following theorems are known. Suppose that ϕ is a function from F p n into F p for a prime p and ω be a primitive p-th root of unity. We define a mappingφ from F p n into the complex number field C aŝ
Here Tr is the absolute trace mapping. Then ϕ is named bent functions if and only if |φ(u)| = p n/2 for any u ∈ F p n . Bent functions are important ones in the cryptography theory and the coding theory.
Theorem 2.6 (Nakagawa [20] ) We assume
is planar if and only if
In the following theorem, we consider that F p n is a n dimensional vector space over F p . Theorem 2.7 (Nakagawa [22] ) Suppose that f is a planar function from F p n into F p n such that f (0) = 0 and gcd(n, p) = 1 for an odd prime p. Then the following (i) and (ii) are equivalent. ( i ) The affine plane corresponding to f is desarguesian.
(ii) There are bijective linear mappings , α, and β from F p n into F p n such that
, and
Example 2.8 Let θ be an element of F 9 such that θ 2 = −1 and f (X) be a planar function on
. Therefore I(F 9 , F 9 ; f ) is desarguesian from the Theorem 2.7.
Planar functions of quadratic polynomials
A finite algebraic structure G(+, •) which is a group with respect to addition, and whose nonzero elements form a loop with respect to multiplication, such that the mappings x → −xa + xb and x → ax − bx are permutations of G whenever a = b is called a cartesian group. A cartesian group T (+, •) satisfying the left distribution law is called a finite left quasifield which correspond to a translation plane and a left quasifield E(+, •) satisfying also the right distribution law is called a finite semifield which correspond to a semifield plane. We note a left quasifield is always commutative with addition (see, [2] , [15] , [16] , [17] ). Let g be a planar function over F p n . If we put f (x) := g(x − a) + b we see f is also planar and I(F p n , F p n ; f ) = I(F p n , F p n ; g). We can choose elements a, b such that f (0) = 0 and f (1) = 0. Then we call f is the normed function of g. We define x µ := −f (x)+f (x+1) where x ∈ F p n and consider ϕ = µ −1 . Now we introduce a new multiplication (•) in the additive group F p n by P. Dembowski and T.G. Ostrom. 
.
with the original addition and this multiplication, a cartesian group coordinatizing the affine plane I(F
p n , F p n ; f ). (ii) The affine plane I(F p n , F p n ; f )
is a translation plane if and only if
We define a quadratic planar function over F p n as a planar function such that
regarded a function between the additive group F p n for α i,j ∈ F p n . We obtain the following theorem.
Theorem 3.2 Suppose that g is a quadratic planar function over
Proof. Suppose that g is a quadratic planar function over F p n . We consider the normed planar function f of g and µ and ϕ as above. Then we have the following.
Therefore µ is additive. Hence we obtain the following equation from (ii) in Theorem 3.1. Proof. We argue in the general form of a quadratic planar function g over F p n and from a half of the proof we shall specify g to be one of Ding and Yuan. Let g be a quadratic planar function and f be the normed planar function of g for α i,j ∈ F p n .
Since µ is bijective and linear over F p , ϕ = µ −1 is also written as
where β k ∈ F p n . We get the following equation because of ( 
We denote the square matrix of (4) If it is satisfied the associative law of multiplication in the commutative semifield (F p n , +, •) with the multiplication in Theorem 3.1, the corresponding semifield plane become desarguesian. Suppose that the associative law holds in (
Then the following equivalence holds.
where w ϕ = z.
From now on we consider the planar functions g(x) = x 10 − αx 6 − α 2 x 2 by Ding and Yuan for p = 3. Then we put α 0,2 = 1, α 1,1 = −α, α 0,0 = −α 2 , and the others α i,j = 0. Suppose that n ≥ 5. We compare with the coefficient of x 3 y 3 2 z in (5) and (6). Then we have the coefficient of x 3 y 3 2 z in (5) is zero because of n ≥ 5 and the coefficient of x 3 y 3 2 z in (6) is αβ 3 n−1 , thus β n−1 = 0. Next the coefficient of xyz 3 
and the coefficient of xyz 3 in (6) is zero. Therefore β n−2 = 0. Now we write down simultaneous equations of (4) as the following.
Therefore we have β n−3 = 0 from β n−1 = β n−2 = 0 and β n−4 = 0 from β n−2 = β n−3 = 0. Repeating these we obtain β i = 0 for any i = 0, 1, 2, . . . , n − 1. However it contradicts to the first equation. Thus if n ≥ 5 then I(F 3 n , F 3 n ; g) is not desarguesian. Suppose that n = 3 and ( (x, y) ϕ , z) = (x, (y, z) ϕ ) for any elements x, y and z of F 3 3 . Then we have α 13 = 1 by comparing the corresponding coefficients of right sides of (5) and (6) . For example coefficients of xyz 3 are the following
where ε = 1 or ε = −1. Here we used the fact |M | = ε ∈ {±1} which is obtained by the previous comments. Conversely ( (x, y) ϕ , z) = (x, (y, z) ϕ ) holds if α 13 = 1. We note α 13 = 1 iff α is square. Thus the theorem is proved.
Planar functions and commutative semifields
The square mapping of a finite commutative semifield E of the characteristic p (p = 2) is a planar function on the additive group E (see pp. 245 in [4] ). Now we state this fact against the background of a relative difference set in an automorphism group of E. Theorem 4.1 (cf. [23] ) Let G and H be finite groups of same order n. Then the following (i) and (ii) are equivalent.
to H with parameters (n, n, n, 1).
Let E(+, •) be a commutative semifield of order q = p e where p is an odd prime. Naturally an affine plane A(E) is defined by taking E × E = {(x, y) | x, y ∈ E} as the set of points and a second copy Moreover we adjoin to them lines with slope ∞, namely the line consisting of the points (c, y) (y ∈ E) for each c in E. Then we consider following two groups of order q 2 .
We note the group T acts regularly on points, and the group S acts regularly on the lines except lines with slope ∞.
Then H, K are subgroups of G and D is a subset of G, and the following theorem is known. Theorem 4.2 (C. Godsil and A. Roy [10] ) Let E be a commutative semifield of order q, where q is a prime power. Then the group G is abelian with order q 2 , and the subset D is a relative difference set in G with parameters (q, q, q, 1).
We note G = K × H. Hence this theorem and Theorem 4.1 implies that there is a planar function f from K into H. The semifield E and the group K are isomorphic as additive groups by a corresponding from u to H u,g(u) , E and the group H are isomorphic as additive groups by a corresponding from b to H 0,b . The map f can be regarded as a function on E such that
if E is a commutative semifield of order q, then the function f defined by f (x) = x • x (x ∈ E) is a planar function on the additive group E.
We note that I(F q , F q ; f ) is isomorphic to the plane coming from the original semifield E. We calculated explicit forms of the square mappings of known finite commutative semifields as polynomials on finite fields in the following.
Dickson semifields Assume that q = p n where p is an odd prime and n > 1 and let α be any element of F q which is not square. The semifield E can be identified with the additive group F q 2 and be constituted as two dimensional vector space over F q with basis 1 and λ where λ 2 = α. Let σ be an automorphism of F q given by x σ = x p r , 1 ≤ r < n, we define a multiplication in E by
We consider planar functions of quadratic polynomials and express them in the finite field, and put X = x + λy ∈ F q 2 .
Therefore
On the other hand
Hence
We calculate the square mappings of other known several semifields as functions over finite fields in the similar way.
Cohen-Ganley semifields
with q = 3 n (n ≥ 2) and α is nonsquare in F q and {1, λ} is a basis over F q where λ 2 = α. Then f (X) = X • X is expressed as the following.
Ganley semifields Consider (F q 2 , +) where q = 3 n , n ≥ 3 where n is odd and α is nonsquare in F q and {1, λ} is a basis over F q where λ 2 = α. A multiplication is defined as
Then we have
Penttila-Williams semifields Consider (F q 2 , +) where q = 3 5 and α is nonsquare in F q and {1, λ} is a basis over F q where λ 2 = α. A multiplication is defined as
Coulter-Matthews semifields Consider (F q , +) where q = 3 n , and n is odd with n ≥ 3. A multiplication is defined as x•y := x 9 y +xy 9 +x 3 y 3 −xy.
Ding-Yuan semifields Consider (F q , +) where q = 3 n and n is odd with n ≥ 3. A multiplication is defined as x • y := x 9 y + xy 9 − x 3 y 3 − xy. We have
Discussion
It is a difficult problem to determine whether planar functions coming from commutative semifields as square mappings are quadratic planar functions or not. This problem is related to the classification problem of finite commutative semifields. Let V be a n dimensional vector space over the prime field F p for an odd prime p, and {v 1 , . . . , v n } be a basis of V . Now we give a set Ω of n symmetric square matrices of degree n where every entry is an element of Thus F (x 1 , . . . , x n ) = 0 is a hyper surface in the n − 1 dimensional projective space over F p n . Suppose that the hyper surface has no zero points over F p . Then the condition (♣) holds, and the converse is also true. Hence a construction problem of commutative semifields results in the problem whether a suitable hyper surface of the projective space over a finite field has rational points or not over the prime field. For example
is a hyper surface in P G (2, 5 3 ) and it has no rational points over F 5 , though this example is one which comes from the F 5 3 , not a proper commutative semifield.
